It was shown in arXiv:0912.1456 that the large-N reduction holds on group manifolds in the sense that a large-N gauge theory on a group manifold is realized by a matrix model which is obtained by dimensionally reducing the original theory to zero dimension. In this note, generalizing the above statement, we show that a large-N gauge theory on a group manifold is equivalent to a theory which is obtained by reducing the original theory to its coset space. This is analogous to the statement of the large-N reduction on flat spaces that large-N gauge theories are independent of the volume.
Introduction
The large-N reduction [1] states that large-N gauge theories are independent of the volume of the space-time on which they are defined. (For further developments in the large-N reduction, see .) In particular, this implies that large-N gauge theories are equivalent to the matrix models called the reduced models that are obtained by dimensionally reducing the original theories to zero dimension. The large-N reduction can give an efficient way to define large-N gauge theories nonperturbatively, and is also conceptually interesting as examples of emergent space-time. The large-N reduction is also called the large-N volume independence when the aspect of volume independence is emphasized.
The large-N reduction had been studied on flat space-time. It was shown in [19, 20] that the large-N reduction holds on group manifolds in the sense that a large-N gauge theory on a group manifold is realized by a matrix model which is obtained by reducing the original theory to zero dimension.
In this note, we examine whether phenomenon analogous to the large-N volume independence occurs on group manifolds. We find that it indeed does in the sense that a large-N gauge theory on a group manifold G is equivalent to the theory obtained by reducing it to a coset space G/H where H is a subgroup of G. Here, we call this phenomenon the large-N equivalence in dimensional reduction on group manifolds. This paper is organized as follows. In section 2, as a warm up, we examine the large-N volume independence on a torus. In section 3, we review some properties of Lie groups and coset spaces. In section 4, we study the large-N equivalence in dimensional reduction on group manifolds. Section 5 is devoted to conclusion and discussion.
Large-N volume independence on torus
In this section, as a warm-up, we examine the large-N volume independence on a D-dimensional torus T D ≃ U (1) D . We denote coordinates of T D by x µ (µ = 1, . . . , D), assuming, for simplicity, the periodicity x µ ∼ x µ + L. Using a positive integer K, we define a 'reduced torus' T D /(Z K ) D whose coordinates are denoted by σ µ . The periodicity for σ µ is σ µ ∼ σ µ + l where l = L/K. We have a relation
with u µ integers.
To illustrate the large-N volume independence, we consider a scalar matrix field theory on T D :
where φ(x) is a Hermitian matrix-valued field with the matrix size N . We apply a following reduction rule to the above theory (2.2):
Here the relation between x µ and σ µ is given by (2.1), and P µ are constant diagonal matrices whose eigenvalues 2πn
. . , N ) correspond to the momenta on T D distributed uniformly in the momentum space. v and v ′ are given by 
Note that vl D /v ′ can be viewed as an effective volume in the reduced model. We consider the two-loop contribution to the free energy. There are two diagrams. One is planar ( Fig.1 ) and the other non-planar (Fig.2) . First, we calculate them in the original theory (2.2). The planar diagram is calculated as 6) where λ = κ 2 N is the 't Hooft coupling and D(x − x ′ ) is the free propagator of the theory (2.2) with N = 1:
The non-planar diagram is given by (2.6)/N 2 so that it is suppressed by 1/N 2 compared to the planar diagram in the N → ∞ limit. Next, we calculate them in the reduced model using a bilocal field representation for matrices [19, 20] . We take a coordinate basis |x in the vector space on which φ(σ) and P µ act and define a bilocal field
The reduced model (2.5) is rewritten as
We make a change of variables,
(2.10) Thus, from (2.10) we obtain the propagator
are periodic delta functions with the period L and l, respectively. The planar diagram (Fig.3 ) in the reduced model is calculated as
where we have used δ L (0) = 1/v and δ l (0) = 1/v ′ . The non-planar diagram (Fig.4 ) in the reduced model is calculated as
We see again that the non-planar diagram is suppressed compared to the planar diagram in the v ′ → 0 limit, because the quantity in the curly bracket in (2.13) has the same order of magnitude as (2.12).
The non-planar diagram is suppressed compared to the planar diagram in both the original and reduced models. By comparing the planar contribution (2.6) and (2.12), we find a relation between the free energy F in the original model and the one F r in the reduced model in the N → ∞ limit:
where
, and the LHS and RHS correspond to the planar contribution to the free energy per unit volume divided by N 2 in the original and reduced models, respectively. In a similar manner, by referring the argument in [5] , one can show that the relation (2.14) holds to all orders in perturbative expansion. It is also easy to show a correspondence between correlation functions in the N → ∞ limit [5] : 15) where · · · and · · · r stand for the expectation value in the original and reduced models, respectively, andφ(x) = e iPµx µ φ(σ)e −iPµx µ with (2.1). Thus, we find that the large-N volume independence holds on a torus in the sense that a theory on T D is equivalent to a certain theory on
Finally, we consider Yang-Mills theory on T D :
. By applying the reduction rule (2.3) to (2.16), we obtain
Namely, the reduced model agrees with the one that is obtained by dimensionally reducing the original model to
If the backgroundÃ µ = P µ is stable in the reduced model (2.17), the reduced model is equivalent to the original model (2.16) in the N → ∞ with κ 2 N fixed in the sense that (2.14) holds and a following relation for Wilson loops also holds:
where x µ (ζ) and σ µ (ζ) are related as (2.1). Namely, the large-N volume independence holds literally. Note that the stability depends on the dynamics of the model 1 .
Group manifolds and coset spaces
In this section, we review some basic facts about group manifolds and coset spaces. For more details, see, for instance, [19, 20, 23] . Let G be a compact simply connected Lie group 2 and H be a A
It is easy to show that
The right invariant 1-form E A M and the left invariant 1-form S A M are defined by
They satisfy the Maurer-Cartan equation
we obtain the relations:
, is right and left invariant. By using (3.4), we obtain ds 2 G = s 1 Instability corresponds to SSB of the so-called U (1) D symmetry or the center invariance. 2 If G is not simply connected, the reduced model is not obtained in a globally consistent way.
It is factorized as dg
We define the right invariant Killing vectors L A and the left invariant Killing vectors R A by
where E M A and S M A are the inverses of E A M and S A M , respectively. L A and R A generate the left translation and right translation, respectively, and obey the following commutation relations:
By using (3.4), we obtain
where s Let us consider a scalar matrix field theory on G given by 3
where φ(x) is an N × N hermitian matrix. This theory has the G × G symmetry. Namely, (3.8) is invariant under δφ = ǫL A φ or δφ = ǫR A φ. We impose a constraint R a φ(x) = 0, which implies from (3.7) that φ is independent of y. Then, the theory (3.8) is reduced to the theory on G/H as
where V H is the volume of H. The theory (3.9) has the left G symmetry. Note that this is a consistent truncation in the sense that every solution to the equation of motion in (3.9) is also a solution to the equation of motion in (3.8).
As an example, we consider SU (2) ≃ S 3 and SU (2)/U (1) ≃ S 2 . We have
where θ, ϕ and ψ are the Euler angles, and σ i (i = 1, 2, 3) are the Pauli matrices. Here µ = (θ, ϕ), m = ψ, α = (1, 2), and a = 3. L A are given by
R A are given by
The right and left invariant metric of SU (2) is given by ds 2 = dθ 2 + sin 2 θdϕ 2 + (dψ + cos θdϕ) 2 . The first and second terms in the RHS give the metric of SU (2)/U (1). The Haar measure takes the form dg = sin θdθdϕdψ.
Bilocal representation for the reduced model on G/H
We consider a coordinate basis |g for G as in the case of torus. We define the generators of the left translationL A by e iǫL A |g = |e iǫt A g 4 . It is easy to show thatL A |g = −L A |g , g|L A = L A g|. We denote the volumes of G and G/H by V and V ′ , respectively. To obtain a reduced model of (3.8) defined on G/H, we apply the following rule
The first rule is realized by imposing R a φ = 0. Thus, by introducing the bilocal representation for
we obtain a bilocal representation of the reduced model:
As in the case of a torus, we make a change of variables w = g, ξ
Thus, the propagator is read off as
4L
A are the generators in the regular representation [19, 20] .
We consider the two-loop contribution to the free energy in the original and reduced models. The planar diagram (Fig.3) in the original theory is calculated as
The non-planar diagram (Fig.4) is calculated as (4.6)/N 2 . The planar diagram (Fig.3 ) in the reduced model is calculated as
A change of variables g ′ 2 = g 2 g −1
Making a further change of variables
In the above calculation δ(0) = 1/v, δ G/H (0) = 1/v ′ , V = N v and λ = κ 2 N have been used. The non-planar diagram (Fig.4 ) in the reduced model is calculated as
A further change of variables
By making a change of variables g 1 g ′′ 2 −1 =g, we obtain
Absolute value of (4.13)
(4.14)
We see that the above quantity is analogous to the one (2.13) and suppressed by (v ′ /V ′ ) 2 in the v ′ → 0 limit compared to (4.9). Thus, the non-planar diagram is suppressed compared to the planar diagram in both the original and reduced model. By comparing (4.6) and (4.9), we again obtain the relation (2.14). As in the case of torus, one can show that (2.14) holds to all orders in perturbative expansion. Definingφ(g) byφ(g) = e iL A θ A φ(L)e −iL A θ A , where g = e iθ A t A , we see that the relation (2.15) also holds in this case. Thus, we find that the large-N equivalence in dimensional reduction holds on group manifolds.
Finally, we consider U (N ) Yang-Mills theory on G: 15) where
. We expand the gauge field A A in terms of the right invariant 1-form as A M = E A M X A . By using (3.2), we rewrite (4.15) as
By imposing R a X A = 0 on (4.15), we obtain Yang-Mills theory on G/H. The reduced model on G/H is given by 17) whereX A (σ) = L A + X A (σ). If G is simple, the gauge theory is massive due to the f ABC X C term so that the there is no moduli for the backgroundX A = L A . Thus, since the backgroundX A = L A is stable, the large-N equivalence in dimensional reduction on group manifolds holds. Namely, the reduced model is equivalent to the original model (4.16) in the N → ∞ with κ 2 N fixed in the sense that (2.14) holds and a following relation for Wilson loops [24] holds:
18) where x M (ζ) and σ µ (ζ) are related through g(x) = L(σ)h(y).
Conclusion and Discussion
In this paper, we showed that a theory on a group manifold G is equivalent to the corresponding theory on G/H with H a subgroup of G in the large-N limit. The degrees of freedom on G are retrieved by the degrees of freedom of matrices in a consistent way with the dimensional reduction to G/H. An advantage of reduction to G/H with a finite volume compared to reduction to a matrix model is that one does not need to introduce k multiplicity and take the k → ∞ limit to extract only planar contribution as in the latter case [19, 20] , since the UV cutoff V ′ /v ′ plays the role of extracting planar contribution. While we showed the equivalence perturbatively, we can show it non-perturbatively based on the continuum Schwinger-Dyson equations as in [5] , by assuming the stability of the background, which is a counterpart of the center symmetry.
An interesting application of the large-N equivalence in dimensional reduction on group manifolds is that the SU (2|4) symmetric gauge theory on R × S 2 is equivalent to N = 4 super Yang-Mills theory on R × S 3 in the large-N limit. (For another large-N equivalence between these two theories, see [17, 25] .) Both of the theories have gravity duals, so that the above equivalence would be seen on the gravity side. It is interesting to search for gravity duals of other large-N equivalences in dimensional reduction [26] [27] [28] [29] [30] .
